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ABSTRACT 
The question of possible collineation groups for a symmetric design with 
given parameters (u, k, h) is considered. A new design with parameters (79, 
13, 2) is constructed. 
1. INTRODUCTION 
We understand an incidence system 9 to be a triple (9, ~8, I), where B 
is the point set, ~8 is the block set, and I is a subset of B x a. We write 
PIB for (P, B) E I. For A, BE g we write [B] for the set {P : PIB} and 
[AB] for the set {P : PZA and PIB}. We also use the dual notation. 
We define a symmetric block design C8 with parameters (v, k, h) to be 
an incidence system satisfying the following axioms and their duals: 
1. For all B in B’, l[B]l = k. 
2. For distinct A, B in g’, I[AB]I = h. 
We require h to be positive. We let v = 1 B I. It is well known that if u 
and 1 B I are positive then v = I a / = k(k - 1)/X + 1. 
A collineation x of an incidence system 58 is a one-to-one correspondence 
taking B to B and g to B’ and preserving incidence, that is, PIB if and 
only if PxIBx. 
We are interested in the question: What are the possible collineation 
groups of designs with given parameters (v, k, h) ? In this paper we prove a 
number of results pertinent to this question. In the final section we use 
these results to show there is only one “large” group corresponding to the 
parameters (79, 13,2). G is large if I G I is at least v. We use this group to 
* The material in this paper is essentially contained in the author’s doctoral disserta- 
tion completed at the University of Wisconsin, under the supervision of R. H. Bruck, 
while the author held a NSF Graduate Fellowship. 
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construct a design with the desired parameters. The existence of a design 
with these parameters had been in doubt. 
We require some notation. If G is a permutation group on a set a, and 
d c 52 we write G(d) and Gd for the global and pointwise stabilizer of d 
in G, respectively. GA is G(d)/G, . We write F(G) for the set of P in fi 
such that Pg = P for all g E G. 
If g is an incidence system we let G(g) be the full collineation group 
of 9. If G < G(9) we consider G as a permutation group on B v S? 
and define F(G) with respect to this action. 
Let 59 = (9, 97, I) be an incidence system. We write 9’ C 9 if 
9’ = (P”, 99’, I’) with 9’ C 9, 8’ C 9 and I’ = Z n (9’ x g”). With 
any such subsystem we associate a function s taking 9 v B into the non- 
negative integers and defined for B in g by: 
s(B) = 1 {P E 8’ : PZB} 1, and dually. 
Usually 9 is a subsystem F(G) for some collineation group G. 
2. SUBDESIGNS 
Let 9 be a design and let 9’ C 53. 9 is a subdesign if 9’ satisfies the 
axioms for a design. 
An incidence system 9 is a weak design with parameter h if 
2.1. for distinct blocks A and B, I [AB] 1 is 0 or h, and dually. 
LEMMA 2.2. Let 9 be a weak design with h > 2. lf PZB then s(P) = s(B) 
where s is the function associated with 9 considered as a subsystem of itself. 
Proof. Let &’ = [P] - {B}, and .F = [B] - {P}. Then I$2 1 = s(P) -1 
and I r I = s(B) - 1. Counting N, the number of ordered pairs (Q, A) in 
rxsZ with QZA, in two ways we get: 
(h - l)(s(P) - 1) = N = (X - l)(s(B) - 1). 
As an immediate corollary we have: 
LEMMA 2.4. Axiom 2 for symmetric block designs, and its dual, imply 
the remaining axiom and its dual, if h > 2. 
We omit the proof of the next result as it is entirely analogoustoBruck’s 
proof for the case h = 1 [2]. A similar result can be obtained for weak 
subdesigns. 
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LEMMA 2.5. Let B be a design with paremeters h and n = k - A. Let 
9 be a proper subdesign of 9, and let s = s(B) for B in J%“. Then either 
n = (s - 1)” or s2 - s < n. 
LEMMA 2.6. Let g be a design with h 3 2 and let G < G(9). Let z-1 
be the set of primes p with p > h. Let n2 be the set of primes with p > h. 
If G is a 7riT1 or rr2 group then F(G) is a subdesign or weak subdesign, respec- 
tively. 
Proof. We give only the proof for the case G a 7r,-group; the remaining 
case is analogous. Assume A and B are distinct blocks in F(G). Then G 
acts on [AB]. Further if d is a non-trivial orbit under G in [AB] then p 
divides / d [ for some p in R-~ . By definition of 7rl this is impossible. Thus 
[AB] _C F(G) and 2.4 yields the desired conclusion. 
THEOREM 2.7. Let 9 be a design and p a prime divisor of the order of 
G(9). Then either p divides v or p < k. 
Proof Assume the theorem to be false and let 9, p, be a counter- 
example. Then there exists an x in G(9) with order p. p does not divide v 
so x fixes some block B. x acts on [B] and as p > k, x fixes [B] pointwise. 
Assume h 3 2. v i: 1, so k 3 X, and with 2.6 we have a contradiction. 
So X = 1, and x is a central collineation. In this case it is well known that 
p divides either k - 1 or k - 2, a contradiction. 
3. STANDARD (G,n) PAIRS 
Let G be a permutation group on a set 0, and let r be a set of primes. 
The pair (G, r) is said to be standard if 
3.1. for all p in rr and x in G with / x 1 = p, GFcz) is a n’-group. 
G is defined to be a standard permutation group if every non-trivial 
element of G has the same set of fixed points. We remark that if G is 
standard then every non-trivial orbit of G has length ) G /. 
HYPOTHESIS 3.2. 9’ is a design with h = 2. G < G(9) with the greatest 
common divisor of k and j G ( relatively prime to three. For all x in G#, 
x fixes at most three points on any block. 
LEMMA 3.3. Let G, &9 satisfy 3.2. Let rr be the set of odd primes. 
Then (G, n) is standard. 
Proof Let y be an element of odd order in G. By 2.6 F(y) is a sub- 
SYMMETRIC BLOCK DESIGNS 275 
design; let (F, s, 2) be its parameters. By hypothesis s < 3. Thus we can 
enumerate the possibilities for F(y). By inspection the collineation group 
of R’( Y) is a 2-group unless s = 3, in which case a collineation of order 
three is possible. The condition on (I G 1, k) assures that no element of G 
can induce this collineation on F(v). 
Thus we have one example of a standard pair arising from designs. 
We remark without proof that, with a few other restrictions, the pair 
(G(9), X) is standard, where x is the set of primes p > n1/2. We now 
characterize standard pairs. 
LEMMA 3.4. Let G be a permutation group, let n be a set of primes, 
and let (G, r) be standard. Assume G is a n-group and that Z(G) # 1. Then 
G is standard. 
Proqf. Let X, y E G, with x E N,(y). Then x E G(F(y)). (G, n) standard 
and G a n-group imply that F( JJ) C F(x). It follows that, for x in G# and 
z in Z”, F(x) = F(z). 
A Frobenius group is a transitive permutation group in which only the 
identity fixes two points. It is well known that an abstract group G can 
be represented as a Frobenius group if and only if G possesses a proper, 
non-trivial, independent, self-normalizing subgroup H. In that case we 
call G an abstract Frobenius group. 
THEOREM 3.5. Let G be a permutation group on a set a, r a set qf 
primes with (G, n) standard and G a n-group. Then either: 
(i) G is standard, or 
(ii) G is an abstract Frobenius group and the transitive constituents qf 
G on 8 are trivial, regular, or Frobenius. 
Proof. Assume G is not standard. Choose x in G# with / F(x)1 maximal, 
and choose H < G such that H is maximal with respect to H standard 
and x in H. It is a straightforward exercise to show that His independent 
and self-normalizing. Thus we need only show that the transitive con- 
stituents of G are as claimed. By a theorem of Frobenius, H has a normal 
complement K in G. K is nilpotent. [7] By 3.4, K is standard on Q. The 
desired result now follows from the fact that K and the conjugates of H 
in G form a partition of G. 
4. DESIGNS WITH X = 2 
In this section 9 is a design with h = 2, and G < G(9). For B in S? 
let r(B) be the number of orbits PG of length two with PG C [B]. We 
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remark that if r(B) > 0 then either B E F(G) or BG has length two. We also 
use the dual notation. 
LEMMA 4.1. Let 93 be a design with h = 2, and let G < G(9). Let B 
be a block in F(G), s = s(B), r = r(B). 
(i) There are exactly s(s - 1)/2 + 1 + r blocks in F(G). 
(ii) If P is in F(G) and PIB then r(P) = r(B). 
(iii) F(G) contains the same number of points and blocks unless s(B) = 0 
for all B in F(G). 
(iv) Assume s > 0. Then F(G) is a subdesign lj”and only ifr = 0. 
ProoJ: (i) There is a one-to-one correspondence between blocks A 
in F(G) - (B} and pairs of points in [B] n F(G) union orbits of length two 
in [B], determined by A t) [AB]. 
(ii) Assume PIA, with AG an orbit of length two. Let [AB] = {P, Q}. 
Then QG has length two, and the map AG --+ QG is a one-to-one cor- 
respondence of the orbits of length two in [B] and [PI. 
(iii) Follows from (i), its dual, (ii), 2.2, and 2.6. 
(iv) F(G) is a weak design, so it is a design if and only if it contains 
exactly s(s - 1)/2 + 1 blocks. 
LEMMA 4.2. Let 9 be a design with X = 2, let x be an involution in 
G(9), and let F be the number of points in F(x). 
(i) Either F = 0 or F = (k + 1 + (s - 1)7/2 where s = s(P) for P a 
point in F(x). 
(ii) Either s(B) is constant over F(x) n 99 or s(B) is one of 0 or 2 for 
all blocks B in F(x). 
(iii) Either n = (s - 2)2 or (s - 1)” < k - 1. 
(iv) If v and k are odd then v = F mod 8, or equivalently s = 1 mod 4. 
Proof. (i) 4.1.(i) 
(ii) Let A and B be points in F(x). From (i) we have two expressions 
for P, equate them. 
(iii) We can assume s # 0,2. Thus s is indeed a constant. If A is not 
in F(x) then s(A) is 0 or 2. If for all such A, s(A) is 2, then, counting the set 
of pairs (P, B) in I with P in F(x) in two ways, Fk = 2(v - F) + SF. 
This equation reduces with (i) to n = (s - 2)2. So assume there exists A 
with s(A) = 0. Let r be the set of ordered pairs (P, B) with P in [AB] and 
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B in F(x). 1 r / = 2F. Also for a given P there are at most two pairs 
(P, B) in r. Thus F < k. This is equivalent to (s - 1)2 < k - 1. 
(iv) Let (a, b), be the Hilbert norm residue symbol. By a theorem of 
Hughes [6], 
+1 = (-1 @-F)/4 ’ P 
for all odd primes p. v and k are odd; this is equivalent to 12 = - 1 mod 4. 
Therefore there exists a prime p dividing n with odd exponent with 
p--lmod4.Forthisp,(-l,n),= -l.Sov=FmodS,or,equiva- 
lently with (i): s = 1 mod 4. 
LEMMA 4.3. Let 9 be a design with h = 2. Let G < G(9) with G a 
2-group. Let x be an involution in G. Then 
(i) ifs(x) = 1 there exists no y in G with y2 = x. 
(ii) Assume for all involutions x in G thut s(x) = 1. Then G is elementary 
Abelian and, if v is odd, k = 1 mod 1 G j. 
Proof. (i) s(x) = s(B) for B in F(x). We may assume F > 1. So 
assume y exists. Then there are blocks A, B in F(x) with {A, B} either in 
F(y) or forming an orbit of length two under y. In either case y acts on 
[AB]. Thus y2 = x fixes [AB] pointwise, contradicting s(x) = 1. 
(ii) Let G be as hypothesized. By (i) G is elementary abelian. If v odd 
there exists B in F(G). s = 1 for all x in G, so k odd and there exists a 
point P in [B] n F(G). So G acts semiregularly on [B] - {P} and thus the 
desired congruence follows. 
5. GENERALIZED DIFFERENCE SETS 
Let 9 be an incidence system and G a collineation group of 9. Let 
{P,G} and {B,G} be the sets of point and block orbits of G, respectively. 
Let Gi = Gpj and Gj = Gg, . Let n, = I G : Gi I. Let aij be the number 
of points of PiG on Bi . 
We define the (i’, i,,j) difference sum, written A(i’, i,,j), as follows: 
5.1. A(i’, i, j) = c Gi, gh-l 
(g,a~~Rzr 
where Q is any set of left Gi, coset representatives for the set of g with 
Pi,gZBj , and r is any set of right Gj coset representatives for the set of h 
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with PihlBj . The summation is understood to take place in the group 
algebra over the integers. In the algebra: 
Gix = 1 gx. 
WG, 
One can easily check that’the difference sum is well defined, that is, 
that the sum is independent of the choice of coset representatives. Note 
also that 
1 Q ( = Ui’j and ( r j = a,jnj/ni . 
We shall refer to a term Gi*gh-l in the sum as a difSerence. There are 
/ Sz I 1 F 1 differences in the (i’, i,.j) difference sum. 
THEOREM 5.2. Let 9 be an incidence system and G a group of col- 
lineations of 9. Therz, with notation as abol:e, 9 is a design with parameters 
(11, k, A) ifand only $ 
(1) for all-i, I [Bjl I = k 
(2) Cj a,&n, = k for each i, 
(3) xj d(i’, i, j) = XG for each pair i # i’, 
(4) xj A(?, i,j) = hG + nGi for each i. 
ProoJ (1) and (2) are equivalent to Axiom 1 and its dual. It is well 
known that Axiom 1 and its dual together with either Axiom 2 or its dual 
imply the final axiom. We will show that (3) is equivalent to the condition 
that 1 [PQ]i = h for any P in P,,G and any Q in PiG, with i # i’. (4) 
corresponds to the case i = i’; its proof is entirely analogous. 
Since G is a collineation group of 9 we need only show that, for all 
P in P,,G, 1 [PP?] / = h. To do so we consider the set x of pairs (Pi , X, Bjy) 
with Pi and Pi,x on B, y. We claim that T is a one-to-one correspondence 
of SZxr and x, where (g, h) T = (P,,gh-l, B&l). Let (g, h) E Qnxr. Then 
Pih and P,rg are on Bj , so that translating by h-l we see that T does indeed 
take fixr into x. Suppose (g, h) T = (a, b) T. Then G,,gh-l = Gi,ab-l 
and Gjh-l = Gjb-l so that by definition of SZxr g = a and h = 6. 
Therefore T is one-to-one. x and Dxr have the same order so T 
is onto. 
It follows that there is a one-to-one correspondence between the 
differences Gi,x in the difference sum and the blocks in [PiPi,x], for each 
x in G. Thus we have established the desired equivalence. 
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6. THE PARAMETERS (79, 13, 2) AS AN EXAMPLE 
Consider the parameters (79, 13,2). Assume that 9 is a design with 
these parameters and that G is a collineation group of g. 
6.1. Any x in G# fixes at most three points on any block. 
Proof. 2.6, 2.5, and 4.2. 
6.2. If  p is a prime divisor of 1 G / then p is one of 2, 3, 5, 1 I, or 13. 
Proof. With 2.7, p is one of the above, 7, or 79. 6.1 implies that G 
and 9 satisfy Hypothesis 3.2 and we can apply 3.3 to conclude (G, n) is 
standard, where r is the set of odd primes. We can eliminate 7 with 6.1 
and the observation that for x of order p, s(x) = k modp. Suppose x 
has order 79. Then x is a cyclic collineation of 9 and we can apply the 
multiplier theorem [5] to conclude there exists a collineation y of order 39. 
The cyclic group generated by y is standard by 3.4. But this is impossible 
since elements of order 3 and 13 have dissimilar fixed point sets. Thus x 
cannot exist. 
6.3. If  j G / is odd then either 1 G j = p, or G is Non-Abelian of order 55. 
Proof. Let p be odd and P a non-trivial Sylow p-group of G. With 
3.4 P is standard. So s(P) - k mod 1 P /. It follows that 1 P j = p. Assume 
G has odd order. Since elements of distinct prime order have dissimilar 
fixed point sets it follows with 3.5 that G is either a p-group or an abstract 
Frobenius group. Thus G has order 39 or 55. But if K is the Frobenius 
kernel of G and H is a complement for K in G then t;(K) C F(H). So G 
cannot have order 39. 
6.4. [f G is a 2-group, G has order I, 2, or 4, and in the last case G is 
non-cyclic. 
Proof. 4.2 and 4.3. 
6.5. G is isomorphic to a subgroup of one of the following: 
(i) PSL(2, 5). 
(ii) The extension of the cyclic group of order 11 by an automorphism 
of order IO. 
(iii) The direct product of the cyclic group of order 2p with the group 
of order 2, where p = 3 or 5. 
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(iv) The extension of the cyclic group of order 2p by an automorphism 
of order 2, where p = 3 or 5. 
(v) The non-Abelian group of order 26. 
Proof. With 6.3 we may assume G has even order. Suppose G is not 
divisible by four. Then G has a normal subgroup of odd order and index 
two. If x has order p with p = 11 or 13 then x fixes one or two points, 
respectively; if x is an involution x fixes seven points. It follows no 
collineation of order 22 or 26 exists. We can now conclude that G is 
indeed a subgroup of one of the above groups. 
So assume G is divisible by four. Then the Sylow 2-groups of G are 
noncyclic of order four and we can apply Gorenstein and Walter’s 
characterization of such groups [4] to conclude that G/O is isomorphic 
to one of S or PSL(2, p), where S is a Sylow 2-group of G and PSL(2, p) 
is the projective linear group of dimension two over GF(p). Here p is 3, 5, 
or 11. 0 is the maximal normal odd subgroup of G. 
If G/O is isomorphic to S we are through. If not, then given our knowl- 
edge of possible odd subgroups, we can conclude that 0 = {l}. PSL(2, 3) is 
isomorphic to a subgroup of PSL(2, 5). Thus we need only show that 
G = PSL(2, 11) is impossible. But in that case it is not difficult to show 
that there exists a block B and a point P in F(G) with PIB and with G 
doubly transitive on [B] - {P}. A result in the author’s doctoral disserta- 
tion [l J shows that PSL(2, q) cannot be so represented unless q is 2, 3, 4, 
or 9. 
Thus if G has order at least U, then G is isomorphic to: 
6.6. G : (s, y, z : xl1 = y5 = z2 = 1, x” = x4, x2 = x-l, yz = zy). 
We now use G as defined above to construct a symmetric design with the 
desired parameters. 
First, we define an incidence system CJ = (g’,s, I) with G acting on 9. 
Let {Pi) and (B,}, 1 < i,j < 4, be base points and base blocks, respectively, 
for 9. Let Hi = Gpi and Gi = GBj , and 
6.7. Hl = S = XY, H, = H3 = R = YZ, H4 = Z = (z), 
G1 = G, = G, G, = Y = <Y>, G4 = Z, x = (x). 
We define incidence on the base blocks by 
6.8. Bl : {PI, Plz, P,G}, 
B, : {PI , PA Pa@, 
B,:V’,,P,,P,,P,xYl, 
B, : (P@, P@, P4, P,x+~~~, P4x*ly, P@y, P,x+~Y~). 
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One can easily verify that the stabilizer of each base block permutes the 
points on that block so that G is a collineation group of 9, where 
B = {P,G}, 9 = {B,G}, with incidence induced from incidence on the base 
blocks by the action of G. P,g = Pih if and only if gh-l E Hi , and similarly 
for the blocks. 
THEOREM 6.9. Let g and G be defined as above. Then 9 is a symmetric 
design with parameters (79, 13, 2), and G is the fill collineation group ~$9’. 
Proof. One need only check that the difference sums are satisfied as 
in 5.2. As the display of this calculation is cumbersome, we omit it. G is 
the largest possible collineation group of a design with the given parameters 
so it is indeed the full collineation group of 9. 
9 is not self-dual; that is, 9 is not isomorphic to its dual. This follows 
from the fact that G has an even number of point orbits [3]. 
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